We investigate the physics of magnetised gravitational collapse by studying the behaviour of a timelike congruence of worldlines in the presence of a magnetic field. We show that the general relativistic coupling between magnetism and geometry, and the tension properties of the field, lead to magneto-curvature stresses that can prevent an initially converging congruence from focussing. We provide, in the form of a lemma, a geometrical requirement sufficient for preventing caustic formation without violating the standard energy conditions. PACS Number(s): 04.20.-q, 04.40.-b The behaviour of magnetic, and of electromagnetic, fields in strong gravity environments has been a matter of considerable interest for many researches over the years. To the best of our knowledge, however, most of the available studies address the possible gravitational effects on the Maxwell field and relatively few look into the implications of magnetic fields, in particular, for the gravitational collapse itself. Perhaps the most intriguing result has been that obtained by Thorne in his elaborate analysis of Melvin's cylindrical magnetic universe [1] . There, by introducing and developing the concept of 'cylindrical energy', the author reached the conclusion that "a strong magnetic field along the axis of symmetry may halt the cylindrical collapse of a finite cylinder before the singularity is reached" [2] . However, Thorne's results, though remarkable in their own right, remained more of a mathematical curiosity. In this article we revisit the issue of the magnetic impact on gravitational collapse from an apparently entirely different viewpoint. We consider the non-spherical (but not necessarily cylindrical) collapse of a magnetised fluid element, by looking into the behaviour of two neighbouring and initially converging particle worldlines. As it turns out, we arrive at the same qualitative result as Thorne did, namely that the gravitational collapse of a magnetised fluid element will stop before the singularity is formed when certain criteria are satisfied. In our analysis, however, the reason the collapse of the magnetised matter will never reach its endpoint is seemingly unrelated to the cylindrical energy of the Melvin universe. Instead, we find that it is the intricate coupling between magnetism and geometry and the tension properties of the magnetic field, namely the elasticity of the magnetic forcelines, which can prevent the ultimate collapse from happening.
The behaviour of magnetic, and of electromagnetic, fields in strong gravity environments has been a matter of considerable interest for many researches over the years. To the best of our knowledge, however, most of the available studies address the possible gravitational effects on the Maxwell field and relatively few look into the implications of magnetic fields, in particular, for the gravitational collapse itself. Perhaps the most intriguing result has been that obtained by Thorne in his elaborate analysis of Melvin's cylindrical magnetic universe [1] . There, by introducing and developing the concept of 'cylindrical energy', the author reached the conclusion that "a strong magnetic field along the axis of symmetry may halt the cylindrical collapse of a finite cylinder before the singularity is reached" [2] . However, Thorne's results, though remarkable in their own right, remained more of a mathematical curiosity. In this article we revisit the issue of the magnetic impact on gravitational collapse from an apparently entirely different viewpoint. We consider the non-spherical (but not necessarily cylindrical) collapse of a magnetised fluid element, by looking into the behaviour of two neighbouring and initially converging particle worldlines. As it turns out, we arrive at the same qualitative result as Thorne did, namely that the gravitational collapse of a magnetised fluid element will stop before the singularity is formed when certain criteria are satisfied. In our analysis, however, the reason the collapse of the magnetised matter will never reach its endpoint is seemingly unrelated to the cylindrical energy of the Melvin universe. Instead, we find that it is the intricate coupling between magnetism and geometry and the tension properties of the magnetic field, namely the elasticity of the magnetic forcelines, which can prevent the ultimate collapse from happening.
We start with a general spacetime containing a single perfect fluid of very high (effectively infinite) conductivity and allow for the presence of a magnetic field. Throughout the paper we consider standard conventional matter with positive gravitational mass and pressure. The infinite conductivity assumption means that there is no electric field and that the magnetic field is "frozen in" with the matter. This is the well known MHD approximation [3] . In what follows we examine the implications of the magnetic presence for the gravitational collapse of the fluid. We do so by testing the convergence of the timelike congruence that represents the worldlines of the matter particles.
When looking into the dynamics of gravitational collapse Raychaudhuri's formula is probably the most important equation, as it covariantly describes the volume evolution of a selfgravitating fluid element. Consider, in particular, a congruence of timelike worldlines tangent to the 4-velocity field u a (with u a u a = −1). These are the worldlines of the fundamental observers, namely of the observers that follow the motion of the fluid. The Raychaudhuri equation determines the proper-time evolution of Θ = ∇ a u a , the scalar that measures the average contraction (or expansion) between two neighbouring worldlines of the congruence [4] . In a magnetised environment Raychaudhuri's formula reads [5] 
where κ = 8πG, µ and p are respectively the energy density and pressure of the fluid, B 2 = B a B a measures the energy density and the isotropic pressure of the magnetic field (B a ), σ 2 and ω 2 are the respective magnitudes of the shear and the vorticity associated with u a andu a = u b ∇ b u a is the 4-acceleration. The latter satisfies the momentum-density conservation law, which for a highly conductive perfect fluid takes the form [5] 
where D a = h a b ∇ a is the covariant derivative operator orthogonal to u a and Π ab = −B a B b is the symmetric trace-free tensor that describes the magnetic anisotropic pressure and also conveys the tension properties of the field. 1 Note that we consider a non-geodesic worldline congruence, since the motion of the particles is dictated by the combined Einstein-Maxwell field and not by gravity alone. Also, the worldlines of the fluid are not hypersurface orthogonal which explains the presence of the vorticity term in (1) .
The right-hand side of Eq. (1) determines the dynamics of the average volume evolution. Terms that are positive definite lead to expansion, while negative definite terms cause contraction. It becomes clear then that, when the standard energy conditions are satisfied, all the right-hand terms have a clear-cut role with the exception of D au a , namely of the projected divergence of the 4-acceleration, which in principle can go either way. For the rest of this letter, we will focus our attention on D au a and examine its potential implications for the final fate of collapsing magnetised fluid element.
The magnetic Lorentz force (per unit mass) propagates via the associated acceleration vector a a = −ǫ abc B b curlB c , where ǫ abc is the alternating tensor orthogonal to u a and a a u a = 0. Using the 3-Ricci identity (see Eq. (5) below), the projected gradient of a a decomposes as
1 We use angled brackets to indicate the symmetric and trace-free part of projected second-rank tensors. Thus,
where R abcd is the Riemann tensor of the subspace of the tangent space orthogonal to u a . In the absence of rotation the latter is the 3-dimensional space orthogonal to our worldline congruence. Note the last three terms on the right-hand side of the above, which convey the magnetic tension effects, and in particular the magneto-curvature stress at the far end of Eq. (3). This term reflects the special status of vectors, as opposed to that of scalars, in general relativity. This special status stems from the geometrical nature of the theory and it is manifested in the Ricci identity
applied here to the magnetic field vector, with R abcd being the spacetime Riemann tensor. When projected orthogonal to u a , the above expression leads to what is commonly referred to as the 3-Ricci identity [4] 
where ω ab is the vorticity tensor associated with the fluid flow. The Ricci identity (in either form) plays a fundamental role in the mathematical formulation of general relativity. Essentially, it is the definition of spacetime curvature itself. The Ricci identity also argues for a direct interaction between vector sources and curvature, which adds to the standard interlay between matter and geometry as we know it from the Einstein field equations. In the case of a magnetic field, this direct coupling brings into play the tension properties of the latter, namely the elasticity of the magnetic force lines, and couples it in an intricate way with the geometry of the space. This unique feature, the magnetic tension, manifests the well known fact that the field lines do not like to bend and react to any attempt that distorts them. Indeed, within the Newtonian theory the magnetic tension is known to trigger restoring stresses which depend on the strength of the field and on the deformation of the magnetic force lines, as measured by their curvature radius [3] . What the general relativistic expression (3) shows, is that deviations from Euclidean geometry will lead to analogous tension stresses, which are also proportional to the magnetic strength and to the amount of curvature distortion. This time, however, it is the curvature of the space itself that causes part of the magnetic deformation. The effects of the aforementioned tension stresses are generally counter-intuitive because of the nature of the property itself and its subtle coupling with the geometry of the space. The latter, in particular, means that even weak magnetic fields can lead to a strong overall effect under favourable circumstances. Some of the implications of the field's presence for magnetised cosmologies have been discussed in [6] .
Here, we will examine the role of the same tension stresses during the gravitational collapse of a magnetised fluid. Let us assume that both the fluid and the magnetic field have a spatially homogeneous energy density distribution, namely set D a µ = D a p = 0 = D a B 2 . In physical terms this means that any inhomogeneity that might be present is relatively small. Then, Eq. (2) ensures thatu a B a = 0 and subsequently it reduces to
Taking the projected divergence of the above, using the trace of (3), with D a B a = 0 due to the absence of electric fields, and substituting into Eq. (1) we arrive aṫ
where
and R ab = R c acb is the Ricci tensor of the spatial sections. Consider the magneto-curvature term R ab B a B b in Eq. (7), which measures the curvature of the 3-space along the direction of the magnetic force lines. Then, using the Gauss-Codacci equation one can show that when there is only the magnetic field present R ab B a B b = 0 [7] . So, despite the magnetic energy input, the geometry of the space in the direction of the field lines is flat; a result independent of the magnetic strength. Technically speaking, it is the negative pressure of the field, along its own direction, which cancels out the positive contribution of the magnetic energy density. More intuitively, however, it is the inherit tendency of the magnetic force lines to remain 'straight' which is responsible for the aforementioned null result. In general of course R ab B a B b = 0. In that case the magneto-curvature effect on Θ is rather unexpected. According to (7) , when R ab B a B b < 0 the magneto-geometrical stresses bring the worldlines of the particles closer to each other, but push them apart if the field lines are 'positively curved', that is for R ab B a B b > 0. This is clearly in contrast with the common perception which always associates positive curvature with contraction and gravitational collapse. The reason behind this counter-intuitive behaviour is the tension properties of the magnetic force lines. The same tension stresses are also responsible for the very unexpected behaviour exhibited by some magnetised cosmological models [6] .
Consider the tensors
The former describes distortions in the magnetic field distribution, while the latter is the magnetic twist tensor. Note that, although Σ ab and W ab have the shear and the vorticity as their respective kinematical analogues, their effect on Θ is exactly the opposite of that normally associated with the shear and the vorticity (see also [8] ). Again, this counter-intuitive magnetic behaviour is down to the fact that both Σ and W carry the tension properties of the field. In what follows we will assume that the effect of Σ and W is cancelled out by that of their respective kinematic counterparts. In other words, we will consider the case where ω 2 + Σ 2 = W 2 + σ 2 . Although it may not seem so, this assumption is much less restrictive that it looks. We will return to it a little later, but for the moment we would like to note that, in addition to counteracting each other, the pairs ω 2 , W 2 and σ 2 , Σ 2 are of the same nature and quadratic in D a u b and D a B b . The latter ensures that the aforementioned terms, unlike R ab B a B b for example, become appreciable only in highly inhomogeneous configurations. Under these conditions the Raychaudhuri equation readṡ
where c 2 a = B 2 /ǫ is the Alfvén speed and R ab is the Ricci tensor of the spacetime with R ab u a u b = κ(µ + 3p + B 2 )/2 > 0. The latter ensures that the strong energy condition is satisfied. Note that n a = B a / √ B 2 is the unit vector along the magnetic force lines. The assumption of a spatially homogeneous energy density distribution for the sources means that D a p = 0, which in turn guarantees that the 4-acceleration vectoru a depends entirely on the magnetic field (see Eq. (6)). Therefore, when the field is absent all the positive definite terms in the right-hand side of (8) vanish and an initially converging congruence (i.e. one with Θ 0 < 0) will focus within a finite amount of time, unless the energy conditions are violated. This is a fundamental and well known result about gravitational collapse, which forms the basis of all the singularity theorems of the 1960's and 70's (e.g. see [9] ). In the magnetic presence, however, the two positive definite terms in the right-hand side of (8) will resist the collapse. Thus, ignoring the supporting effect ofu au a , we arrive at the following lemma: In a spacetime filled with a magnetised perfect fluid of infinite conductivity and with a homogeneous energy distribution of the sources, the magneto-curvature effects can prevent an initially converging congruence of non-geodesic worldlines from focusing, without violating the standard energy conditions, if
Obviously, the above also holds when the assumption ω 2 +Σ 2 = W 2 +σ 2 is replaced by ω 2 +Σ 2 ≥ W 2 + σ 2 . It still holds when ω 2 + Σ 2 < W 2 + σ 2 , provided thatu au a /2 > W 2 + σ 2 − ω 2 − Σ 2 . So, our conclusions hold for a variety of combinations between ω 2 , σ 2 , W 2 and Σ 2 . This means that the earlier restriction placed on these quantities is not essential for the validity of the lemma. It helps, however, to demonstrate the role of the curvature terms in Eq. (7), which should decide the fate of the collapse anyway. Finally we note that, in addition to the usual matter fields, gravitational waves and tidal forces also contribute to R ab B a B b (e.g. see [4, 7] ). The latter, in particular, are expected to increase dramatically as we approach the singularity.
From the physical point of view, we arrived at the above lemma by effectively neglecting, as non-essential, five terms in the right hand side of Eq. (7) and by concentrating on the remaining two geometrical quantities. At first this may appear too drastic but a closer look shows that it is not. To begin with, not all of these five quantities support the contraction. In fact most of the terms (three) resist the collapse, which means that they are more likely to support against further contraction rather than the opposite. Even if we assume that the two terms favouring collapse are stronger (and we have no reason to assume that), their overall effect should be nearly balanced by the counteraction of the remaining three terms. Indeed, given that all these quantities are of the same perturbative order and nature, it is rather implausible to argue that one or two of them will completely dominate the rest. The opposite, namely thatu au a /2 + ω 2 + Σ 2 > W 2 + σ 2 , seems more likely. However, the key physical argument for focusing on the geometrical quantities of Eq. (7) is that, as the collapse proceeds, we expect a dramatic increase in the curvature distortion. In fact, it is common belief that at the late stages of the collapse the curvature diverges. On these grounds, one expects that near the singularity the geometrical terms will completely dominate the right hand side of (7) . In other words, the ultimate fate of the collapsing magnetised fluid should be decided by the balance between the two quantities in (9) .
This lemma opens a number of new possibilities. The first implication is that, despite the general perception, violating the energy conditions to prevent an initially converging congruence from focusing is not necessary when magnetic fields are present and certain geometrical conditions are met. In other words, nonspherical magnetised collapse (the magnetic presence will inevitably distort spherical symmetry to a larger or lesser degree) does not necessarily lead to a singularity. Whether this mathematical lemma applies to physical situations, such as the gravitational implosion of a massive star for example, depends on whether the magnetic field of the star, or part of it, survives until the later stages of the collapse. Then, if condition (9) is met, the contraction can stop and massive magnetised stars could bounce before they actually reach the final singularity. Similarly, if one evolves a magnetised universe backward into the past, they may find, instead of a big-bang singularity, a nonsingular high density phase which may re-expand into the past. If this were to occur, general relativity could provide a conventional, nonsingular closed magnetised cosmological model with potentially unlimited cycles of expansion, contraction and bounce. Note that by itself the above lemma is not enough to guarantee a singularity-free spacetime, at least under the current consensus of what a singularity is [9] . For example, condition (9) does not seem to interfere with the geodesic completeness, or not, of a magnetised spacetime. However, any singularities due to geodesic incompleteness that might still exist will be of limited influence if most of the matter can successfully avoid them. Overall, in view of (i) the central role played by the Raychaudhuri equation in the formulation of all singularity theorems; (ii) the probable physical irrelevance of purely geodesic particle motions in the magnetic presence; (iii) the widespread presence of magnetic fields in the universe, this lemma poses the question as to whether and up to what extent magnetism can modify some of the standard views on singularity formation and of their physical consequences.
The main issue, however, is not so much the existence of magnetic related stresses, which resist gravitational collapse and can potentially prevent the formation of caustics. In fact, whenever we deal with worldline congruences which are not hypersurface orthogonal or geodesics, supporting stresses will always appear due to rotation or due to pressure gradients. The second and, in our opinion, the key point made by the above analysis is that, when magnetic fields are involved, one of the supporting stresses depends (in fact it is proportional) on the distortion of the curvature itself. In other words, the further the collapse progresses the stronger the resistance of the magneto-curvature stresses grows. The presence of these stresses is a direct and inevitable consequence of the vector nature of magnetic fields and of the geometrical interpretation of general relativity, while their counter-intuitive effects are the result of the tension properties of the field. It is the elasticity of the magnetic force lines, their inherit tendency to remain 'straight', which manifests itself as a reaction to curvature distortions that is proportional to the amount of the distortion itself. In a sense, it appears as though the elastic properties of the field have been injected in to the fabric of the space, which behaves as if it has acquired tension of its own.
